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Abstract
The Lie admissible non-associative algebra NAn,m,s is defined in the papers [Seul Hee Choi, Ki-Bong
Nam, Derivations of a restricted Weyl type algebra I, Rocky Mountain J. Math. 37 (6) (2007) 1813–1830;
Seul Hee Choi, Ki-Bong Nam, Weyl type non-associative algebra using additive groups I, Algebra Colloq. 14
(3) (2007) 479–488; Ki-Bong Nam, On Some Non-associative Algebras using Additive Groups, Southeast
Asian Bull. Math., vol. 27, Springer-Verlag, 2003, 493–500]. We define in this work the algebra N
A
in
n ,m,sN
which generalizes the previous one and is not Lie admissible. We prove that the antisymmetrized Lie algebra(
N
A
in
n ,m,sN
)−
is simple and contains the simple Lie algebra slm+s (F). We also prove that the matrix ring
is embedded in N0,n,0.
© 2008 Elsevier Inc. All rights reserved.
AMS classification: Primary 17B40, 17B56
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1. Preliminaries
Let N be the set of all non-negative integers and Z be the set of all integers. Let N+ be the
set of all positive integers. Let F be a field of characteristic zero and F• the set of all non-zero
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elements in F. Let F[x1, . . . , xm+s] be the polynomial ring on the variables x1, . . . , xm+s , and
A1, . . . , An additive subgroups of F (see [6,8]). Throughout the paper, n denotes a non-negative
integer such that n  max(m, s). The set
{ea1xi11 · · · eanxinn xj11 · · · xjmm xjm+1m+1 · · · xjm+sm+s |a1 ∈ A1, . . . , an ∈ An,
j1, . . . , jm ∈ Z, jm+1, . . . , jm+s ∈ N} (1)
is a basis of the commutative, associative F-algebra F
A
in
n ,m,s
= F[eA1xi11 , . . . , eAnxinn , x±11 , . . . ,
x±1m , xm+1, . . . , xm+s] with the obvious addition and multiplication where i1 > · · · > in are fixed
non-negative integers. It is easy to check that (1) is a basis of F
A
in
n ,m,s
. Denote ∂p1t1 · · · ∂prtr by the
composition of the partial derivatives ∂t1 , . . . , ∂tr on FAinn ,m,s with appropriate exponents where
1  t1, . . . , tr  m + s and ∂0t , 1  t  m + s, denotes the identity map on FAinn ,m,s . Consider
now the (free) F-vector space N(Ainn ,m, s)N whose basis is the set
{ea1xi11 · · · eanxinn xj11 · · · xjm+1m+1 · · · xjm+sm+s ∂p1t1 · · · ∂prtr |a1 ∈ A1, . . . , an ∈ An, j1, . . . , jm ∈ Z,
jm+1, . . . , jm+s ∈ N, 1  t1, . . . , tr  m + s, p1, . . . , pr ∈ N}. (2)
If we define the multiplication ∗ on N(Ainn ,m, s)N as follows:
f ∂
p1
t1 · · · ∂prtr ∗ g∂v1u1 · · · ∂
vq
uq = (f ∂p1t1 · · · ∂prtr (g))∂v1u1 · · · ∂
vq
uq (3)
for any f ∂p1t1 · · · ∂prtr , g∂v1u1 · · · ∂
vq
uq ∈ N(Ainn ,m, s)N, then we define the non-associative algebra
N
A
in
n ,m,sN
whose underlying vector space is N(Ainn ,m, s)N and whose product is ∗ in (3) (see
[2,3,8,9]). Similarly we can define the subalgebra Nn,m,sN+ generated by
{ea1xi11 · · · eanxinn xj11 · · · xjm+sm+s ∂p1t1 · · · ∂prtr |a1, . . . , an, j1, . . . , jm ∈ Z,
jm+1, . . . , jm+s ∈ N, p1, . . . , pr ∈ N+, 1  t1, . . . , tr  m + s}. (4)
The non-associative subalgebra N
A
in
n ,m,s
of the algebra N
A
in
n ,m,sN
is generated by
{ea1xi11 · · · eanxinn xj11 · · · xjm+sm+s ∂t |a1 ∈ A1, . . . , an ∈ An, j1, . . . , jm ∈ Z,
jm+1, . . . , jm+s ∈ N, 1  t  m + s}. (5)
For an algebra A and l ∈ A, an element l1 ∈ A is a right (resp. left) identity of l, if l ∗ l1 = l
(resp. l1 ∗ l = l) holds. The set of all right identities of NAinn ,m,s is {
∑
1um+s xu∂u +∑
1um+s cu∂u|cu ∈ F}. There is no left identity of NAinn ,m,s . The algebra NAinn ,m,sN has the
left identity 1. If A is an associative F-algebra, then the antisymmetrized algebra A is a Lie
algebra relative to the commutator [x, y] :=xy − yx. For a general non-associative F-algebra N
we define in the same way its antisymmetrized algebra N−. In case N− is a Lie algebra we shall
say that N is Lie admissible. For S ⊂ N−, an element l is ad-diagonal with respect to S if for any
l1 ∈ S, [l, l1] = cl1 holds where c ∈ F. For a given basis B of an antisymmetrized algebra N−,
the toral torN−(B) = tor(B) of B is n if there is a linearly independent maximal set {l1, . . . ln}
of ad-diagonal elements relative to B. For an antisymmetrized algebra N−, we define T or(N−)
as follows:
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T or(N−) = max{tor(B)|B is a basis of N−}.
An antisymmetrized algebra N− is n-toral, if T or(N−) = n. The algebra N
A
in
n ,m,s
is Lie
admissible (see [1,7,10]). The algebraN
A
in
n ,m,sN
(
resp.
(
N
A
in
n ,m,sN
)−)
isA1 × · · · × An-graded
as follows:
N
A
in
n ,m,sN
=
⊕
(a1,...,an)
N(a1,...,an), (6)
where N(a1,...,an) is the vector subspace of NAinn ,m,sN
(
resp.
(
N
A
in
n ,m,sN
)−)
spanned by the ele-
ments in the set
{ea1xi11 · · · eanxinn xj11 · · · xjm+sm+s ∂p1t1 · · · ∂prtr |j1, . . . , jm ∈ Z,
jm+1, . . . , jm+s ∈ N, p1, . . . , pr ∈ N, 1  t  m + s}.
An element in N(a1,...,an) is called (a1, . . . , an)-homogeneous and N(a1,...,an) is called the
(a1, . . . , an)-homogeneous component. Throughout the paper, N0 denotes the homogeneous
component N(0,...,0). For any standard basis element ea1x
i1
1 · · · eanxinn xj11 · · · xjm+sm+s ∂p1t1 · · · ∂prtr of
N
A
in
n ,m,sN
, let us define the homogeneous degree as follows:
hd
(
ea1x
i1
1 · · · eanxinn xj11 · · · xjm+sm+s ∂p1t1 · · · ∂prtr
)
=
m+s∑
u=1
|ju|,
where |ju| is the absolute value of ju for 1  u  m + s. For any element l ∈ NAinn ,m,sN, we
can define hd(l) as the highest homogeneous degree of each monomial of l. Note that the set
of all right annihilators of N
A
in
n ,m,sN
is the subalgebra Ts of NAinn ,m,sN which is spanned by
{∂p1t1 · · · ∂prtr |1  t1, . . . , tr  m + s, p1, . . . , pr ∈ N}. The Virasoro type non-associative subal-
gebra Nn,0,0 of NAinn ,m,sN generated by {e
a1x1 · · · eanxn∂u|a1, . . . , an ∈ Z, 1  u  n} has neither
right nor left identity.
2. Simplicities
Lemma 1. For anyu∈{1, . . . , m+s} the ideal I generated by ∂u isNAinn ,m·sN
(
resp.N
A
in
n ,m,sN+
)
.
Proof. Let I be the ideal in the lemma. Note that xu∂u ∈ I, 1  u  m + s. For f ∂p11 · · · ∂pm+sm+s ∈
NAnin,m,sN
(
resp.NinAn,m, sN+
)
, we have that
∂u ∗ xuf ∂p11 · · · ∂pm+sm+s = f ∂p11 · · · ∂pm+sm+s + xu∂u(f )∂p11 · · · ∂pm+sm+s ∈ I (7)
for f ∈ F
A
in
n ,m,s
. And further that
xu∂u ∗ f ∂p11 · · · ∂pm+sm+s = xu∂u(f )∂u11 · · · ∂pm+sm+s ∈ I. (8)
By (7) and (8), we see that f ∂p11 · · · ∂pm+sm+s ∈ I . Thus I = NAinn ,m,sN
(
resp.I = N
A
in
n ,m,sN+
)
.
Thus we have proven the lemma. 
J. Lee, K.-B Nam / Linear Algebra and its Applications 429 (2008) 72–78 75
Theorem 1. The algebra N
A
in
n ,m,sN
(
resp.N
A
in
n ,m,sN+
)
is simple and it contains the matrix ring
Mm+s(F).
Proof. Let I be a non-zero ideal of N
A
in
n ,m,sN
(
resp.N
A
in
n ,m,sN+
)
. By Lemma 1, if ∂u, 1  u 
m + s, is an element of I , then I = N
A
in
n ,m,sN
(
resp.I = N
A
in
n ,m,sN+
)
. Thus it is sufficient to
show that ∂u is an element of I where u ∈ {1, . . . , m + s}. Let l be a non-zero element in I .
Since the subalgebra N0,m,sN
(
resp.N0,m,sN+
)
of N
A
in
n ,m,sN
(
resp.N
A
in
n ,m,sN+
)
is simple (see
[1]), in case l ∈ N0,m,sN
(
resp.I ∈ N0,m,sN+
)
, no further proof is needed. Next let us assume that
l /∈ N0,m,sN
(
resp.l /∈ N
A
in
n ,m,sN+
)
. This implies that l has a term in the homogeneous compo-
nent which is not the homogeneous component N0. Thus let us prove the theorem by induction
on the number of homogeneous components which contain a term of l. By induction, let us
assume that l is in one homogeneous component. Let assume that l has all the terms in N0.
By the fact that N0,m,sN
(
resp.N0,m,sN+
)
is simple and Lemma 1, there is nothing to prove.
Let us assume that all the terms of l are in the (a1, . . . , an)-homogeneous component. Without
loss of generality we can suppose that a1 /= 0. If we take an element e−a1x
i1
1 · · · e−anxinn ∂1, then
e−a1x
i1
1 · · · e−anxinn ∂1 ∗ l is a non-zero element in N0. In this case we have already proven the
theorem. By induction we can assume that l has terms in k homogeneous components, then
I = N
A
in
n ,m,sN
(
resp.I = N
A
in
n ,m,sN+
)
. Thus by induction we can assume that l has terms in
k + 1 homogeneous components. Without loss of generality, we can assume that l has a term
in the (a1, . . . , an)-homogeneous component and a1 /= 0. We can take sufficiently large positive
integers t1, . . . , tm+s and an element e−a1x
i1
1 · · · e−anxinn xt11 · · · xtm+sm+s∂1, so that the non-zero ele-
ment e−a1x
i1
1 · · · e−anxinn xt11 · · · xtm+sm+s∂1 ∗ l has a term in N0. Furthermore, we can take t1, . . . , tm+s
so that every basis term xr11 · · · xrm+sm+s ∂r of e−a1x
i1
1 · · · e−anxinn xt11 · · · xtm+sm+s∂1 ∗ l, so that rp ≥ 0,
1  p  m + s. If the element e−a1xi11 · · · e−anxinn xt11 · · · xtm+sm+s∂1 ∗ l has terms in k homogeneous
components, then there is nothing to prove. Again without loss of generality, we can assume
that the element e−a1x
i1
1 · · · e−anxinn xt11 · · · xtm+sm+s∂1 ∗ l has a non-zero term in the homogeneous
component W(b1,...,bn) where b1 /= 0 (otherwise we can take a non-zero bs , 2  s  n). So we
have the following non-zero element:
l2 = ∂1 ∗ (∂1 ∗ (· · · ∗ (∂1 ∗ (e−a1x
i1
1 · · · e−anxinn xt11 · · · xtm+sm+s∂1 ∗ l) · · ·) ∈ I (9)
such that the element l2 has no term in N0 where we have applied left multiplications by ∂1
the appropriate number of times. This implies that the non-zero element l2 has terms in at most
k homogeneous components. By induction we have that I = N
A
in
n ,m,sN
(
resp.I = N
A
in
n ,m,sN+
)
.
This implies that N
A
in
n ,m,sN
(
resp.N
A
in
n ,m,sN+
)
is simple. The subalgebra L of N
A
in
n ,m,sN(
resp.N
A
in
n ,m,sN+
)
generated by {xt∂u|1 t, um + s} is isomorphic to the matrix ringMm+s(F).
This completes the proof of the theorem. 
The following result is straightforward by Lemma 1.
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Lemma 2. For anyu ∈ {1, . . . , m + s}, the ideal I of the antisymmetrized algebra
(
N
A
in
n ,m,sN
)−
(
resp.
(
N
A
in
n ,m,sN+
)−)
generated by ∂u, is
(
N
A
in
n ,m,sN
)− (
resp.
(
N
A
in
n ,m,sN+
)−)
.
Theorem 2. The antisymmetrized algebra
(
N
A
in
n ,m,sN
)− (
resp.
(
N
A
in
n ,m,sN+
)−)
is simple and
it contains the Lie algebra slm+s(F).
Proof. The proof of the theorem is similar to the proof of Theorem 1 by taking appropriate
Lie bracket(s) instead of the multiplication ∗. The Lie subalgebra L of
(
N
A
in
n ,m,sN
)−
(
resp.
(
N
A
in
n ,m,sN+
)−)
generated by {xu∂u − xv∂v, xu∂v|1u /=v  m + s} is isomorphic to
slm+s(F) (see [1,5,8,9]). This completes the proof of the theorem. 
By Theorem 1 (resp. Theorem 2), we know that the algebras N
A
in
n ,m,s
and Nn,0,0
(
resp. the
antisymmetrized algebras
(
N
A
in
n ,m,s
)−
and
(
Nn,0,0
)− )
are simple. There are simple and also
non-simple subalgebras of N
A
in
n ,m,sN
(
resp.N
A
in
n ,m,sN
−)
.
3. Isomorphisms
In case n1 + m1 = n2 + m2 it is not difficult to find an isomorphism between the F-algebra
Fn1,m1,s and the F-algebra F0,n2+m2,s . On the other hand the algebras NAinn ,m,sN and NAinn ,m,sN+
are easily seen to be non-isomorphic since they have non-isomorphic right annihilators.
Proposition 1. There is no non-zero homomorphism from N0,m,0 to N0,0,n.
Proof. Let us assume that there is a non-zero homomorphism θ from N0,m,0 to N0,0,n. Since the
algebras are simple, θ is injective. Since∑mu=1 xu∂u is a right identity of N0,m,0, θ (∑mu=1 xu∂u)
is a right identity of θ
(
N0,m,0
)
. This implies that
θ
(
m∑
u=1
xu∂u
)
=
∑
v∈I
xv∂v, (10)
where I is a subset of {1, . . . , n}. Without loss of generality we can put I = {1, . . . , r} where r 
n. Since the subalgebra θ
(
N0,m,0
)
of N0,0,n is simple, by (10), the algebra θ
(
N0,m,0
)
is generated
by {xi11 · · · xirr ∂w|i1, . . . , ir ∈ N, 1  w  r}. Since θ
(∑m
u=1 xu∂u ∗ x−11 ∂1
)
= −θ
(
x−11 ∂1
)
,we
have that∑
v∈I
xv∂v ∗ θ(x−11 ∂1) = −θ(x−11 ∂1). (11)
Since θ
(
x−11 ∂1
)
is in a simple subalgebra of N0,0,n, there is no element θ
(
x−11 ∂1
)
in θ
(
N0,m,0
)
such that θ
(
x−11 ∂1
)
holds the equality (11). This contradiction shows that there is no non-zero
homomorphism from N0,m,0 to N0,0,n. Therefore, we have proven the proposition. 
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Note that the algebras N0,m,0 and N0,0,n are not isomorphic.
Proposition 2. The algebra Nn,m,s is not isomorphic to the algebra NAinn ,m,sN
(
resp. N
A
in
n ,m,sN+
or Nn,0,0
)
. The Lie algebra
(
Nn,0,0
)−
is isomorphic to the Lie algebra
(
N0,n,0
)−
.
Proof. Since the algebra Nn,m,s has a right identity and the algebra NAinn ,m,sN
(
resp. N
A
in
n ,m,sN+
or Nn,0,0
)
does not have a right identity, there is no isomorphism between them. For any
ea1x1 · · · eanxn∂u of
(
Nn,0,0
)−
, if we define F-map θ acting on the basis as
θ(ea1x1 · · · eanxn∂u) = xa11 · · · xau+1u xau+1u+1 · · · xann ∂u,
then θ is a Lie algebra isomorphism from
(
Nn,0,0
)−
to
(
N0,n,0
)−
. This completes the proof of
the proposition. 
Proposition 3. There is no isomorphism between the Lie algebra
(
Nn,0,n
)−
and the Lie algebra(
N0,n,n
)−
.
Proof. Note that the element xu∂u, 1  u  2n, is ad-diagonal with respect to the standard basis
of
(
N0,n,n
)−
. Thus it is sufficient to prove that for
(
Nn,0,n
)−
there exists no ad-diagonal element
with respect to any basis. Let us assume that there is a basis B of
(
Nn,0,n
)−
such that there is
an element l which is ad-diagonal with respect to B. Note that every element of B is the sum of
finite elements in the standard basis of
(
Nn,0,n
)−
. Since
(
Nn,0,n
)−
is simple and Zn-graded, l is
an element of the homogeneous component N0. If hd(l)  1, then there are l1, l2 ∈ B and c ∈ F•
such that hd([l, l1 − cl2]) > max{hd(l1), hd(l2)}. This contradicts the fact that l is ad-diagonal
with respect to B. Thus l can be written as follows:
l =
∑
u∈I⊂{1,...,n}
cu∂u
with appropriate coefficients. Since
(
Nn,0,n
)−
is simple and B is a basis of
(
Nn,0,n
)−
, there
is an element l3 ∈ B such that [l, l3] /= cl3 for any c ∈ F. This contradicts the fact that l is ad-
diagonal with respect to B. Thus there is no isomorphism between them. So we have proven the
proposition. 
By Proposition 2, we know that there are non-isomorphic algebras whose corresponding anti-
symmetrized algebras are isomorphic. We defineTor(n) as the class of alln-toral antisymmetrized
algebras where n is a non-negative integer. If n1 /= n2, then Tor(n1) ∩ Tor(n2) = φ. Note that
for X−, Y− ∈ Tor(n), in general X− and Y− are not isomorphic algebras [9]. If an algebra
X− is self-centralizing, i.e., the dimension of the centralizer of any x ∈ X− is one, then either
X− ∈ Tor(0) or X− ∈ Tor(1). It is an interesting problem to find T or(X−) for an infinite dimen-
sional antisymmetrized algebra X−. The following theorem is straightforward by the definition
of torality. The definition of torality implies that for n1 /= n2, X− ∈ Tor(n1), Y− ∈ Tor(n2),
the algebras X− and Y− are not isomorphic. Let R be a non-associative algebra (resp. ring). An
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element l ∈ R is right (resp. left) regular, if l ∈ l(Rl) (resp. l ∈ (lR)l). Note that a left or a right
regular element in R is auto-invariant. If an element in the non-associative algebra (resp. ring)
R is regular, then it is left and right regular. A non-associative ring R is a regular von Neumann
(non-associative) ring, if every element in R is regular. Even if Nn,n,0 has a regular element and
it contains the matrix ring Mn(F), Nn,n,0 is not a von Neumann regular algebra. If R is an algebra
with the multiplicative unity, then the algebras R and Nn,m,s are not isomorphic, and the algebras
Nn,0,0 and N0,n,0 are not isomorphic.
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